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A new method using a matched asymptotic expansions technique is presented
for obtaining the Stokes flow solution for a rigid sphere of radius a moving
uniformly in a direction parallel to a fixed infinite plane wall when the minimum
clearance ea between the sphere and the plane is very much less than a. An
‘inner’ solution is constructed valid for the region in the neighbourhood of the
nearest points of the sphere and the plane where the velocity gradients and
pressure are large; in this region the leading term of the asymptotic expansion of
the solution satisfies the equations of lubrication theory. A matching ‘outer’
solution is constructed which is valid in the remainder of the fluid where velocity
gradients are moderate but it is possible to assume that ¢ = 0. The forces and
couples acting on the sphere and the plane are shown to be of the form (¢t + a4€)
log € + B4+ O(¢) where a,, @, and g, are constants which have been determined
explicitly.

1. Introduction

The problem of the slow motion of two rigid spheres through a viscous fluid
has been of interest for many years, because of its importance to the flow of
suspensions and the theory of sedimentation. The earliest attack on it was by
Smoluchowski (1911) who considered the flow properties when the spheres are
far apart by an iteration procedure, in which the spheres were treated separately
and alternately. His method was afterwards extended by Faxén (1927), Burgers
(1941), Kynch (1959) and others. A more satisfactory approach in the special
case of two spheres in motion along their common diameter only, so that the
flow is axi-symmetrical, was developed by Stimson & Jeffrey (1926) using bipolar
co-ordinates. They were able to obtain the solution as a series, which converges
rapidly except when the spheres are almost in contact. An account of this work
has been given by Happel & Brenner (1965). Recently Dean & O’Neill (1963) and
O’Neill (1964 a,b) have extended the use of bipolar co-ordinates to asymmetrical
problems such as rotating spheres and motion at right angles to their common
diameter. Again the solution is expressed as a series, but now the coefficients of
the various terms cannot be determined except as the solution of a set of difference
equations. However, these equations can easily be programmed for a high-speed
computer. O’Neill (1964a) has given the principal properties of the flow in the
special case when one of the spheres degenerates into a plane in an accurate
tabular form, even when the distance between the sphere and the plane is small.
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Other cases have been studied by Majumdar (1965). In principle therefore it may
now be claimed that the problem of the two spheres moving slowly through a
viscous medium is solved, apart from certain limiting situations when the series
obtained either fail to converge or converge too slowly for numerical convenience.
The aim of the present paper is to complement the work of Dean & O’Neill by
describing a method especially suitable for these limiting cases and to apply it
to perhaps the most important of them, when the sphere is very close to a fixed
plane (¢ € 1) and moving parallel to it as shown in figure 1.

a(l+¢)

o ar

Ficure 1.

This flow problem is also of interest in another connexion. The theory of lubrica-
tion is extremely important for engineering design, and although it has been
extensively developed for many years (see Pinkus & Sternlicht 1961 and Gross
1962 for an account of the present state of the theory) it suffers from a number
of drawbacks.

First, it is difficult to perform experiments which would adequately test the
mathematical predictions, partly because of problems of design and partly be-
cause there are no lubricants whose viscosity is independent of temperature,
pressure and rate of shear. Secondly, the theory has developed on an ad hoc
basis; a number of assumptions being made without proper discussion of their
range of validity and systematic attempts to embed the theory in a rational
approximation scheme for the solution of the Navier-Stokes equations are only
now beginning to be undertaken (Langlois 1964; Thompson 1964). Consequently
it is not easy to make quantifative assessments of the effects of such phenomena
as the compressibility, inertia and non-constant viscosity of the fluid and the
non-rigidity of the boundaries. Furthermore, in certain types of problem, such
as the partially filled bearing, what is known about the actual flow properties
makes one somewhat sceptical of the sufficiency of lubrication theory.
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In the face of all these difficulties in the theory, the contribution of this paper
is the modest one of assessing its accuracy when applied to a fluid motion in
which there is also a large region in which the flow is weakly sheared. Lubrication
theory gives a valid first approximation to the flow in the neighbourhood of O
in figure 1 provided that the Reynolds number based on minimum clearance
between the sphere and plane is small and ¢ < 1. Our solution enables us to embed
this theory into an exact solution of the Stokes equations for creeping flow, and
hence we can make an estimate of the accuracy of the theory with regard to local
and overall properties of the flow.

The method of solution we adopt is to divide the flow into two parts. First,
there is an inner region, in the neighbourhood of O in which the velocity gradients
and the pressure are large. In this region the leading term of the asymptotic
expansion of the solution of the Stokes equations satisfies the equations of lubrica-
tion theory and successive terms can be obtained in a straight-forward way.
Secondly, there is an outer region consisting of the remainder of fluid in which
velocity gradients are moderate but it is possible to assume that ¢ = 0. The co-
ordinate system may then be inverted about O reducing the problem to the low
between two parallel planes with singularities at infinity (i.e. at the inner edge of
the outer region, near O). These singularities lead to a perfect match with the
structure of the inner solution leaving the neighbourhood of O. In this way a
completely consistent solution is obtained when ¢ € 1 which may, if desired, be
made the first term in an asymptotic solution of the Stokes equations.

2. The statement of the problem

It is supposed that the fluid motion is generated by the sphere, which is rigid
and has radius @, moving with uniform velocity (%, 0, 0) referred to a system of
Cartesian co-ordinates (ax, ay, az) in which the plane is 2 = 0 and, instantane-
ously, the co-ordinates of its centre are (0, 0, a(1 +¢)). Then the minimum clear-
ance between the sphere and the plane is ea. It is further supposed that the fluid
is incompressible, has a constant density p and viscosity x, and that the Reynolds
number Zap/u is sufficiently small to permit the neglect of the inertia terms in
the Navier—Stokes equations. The equations governing the fluid motion are

therefore Vp = uvEV, divV =0, (1)

where p is the pressure and V the velocity. The boundary conditions are that
V —> 0 at infinity since the fluid is supposed at rest there, and V = 0 on the plane.
Further at any point of the sphere the components («, », w) of V in cylindrical
polar co-ordinates (ar, 6, az), in which the origin is that point of plane nearest
the sphere, are given by

%=%%cosl, v= —%Usinf, w=0. (2)

The method of solution of this problem is to divide the flow region into an
inner region in which r, z are both small and flow properties are similar to those
in lubrication problems, and an outer region comprising the rest of the flow in
which essentially € may be set equal to zero and the flow properties are obtained
by means of Fourier—Bessel transforms. We first consider the inner region.
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3. The inner region
Writing ap = p%P cosf and the cylindrical components of V as (U cos®,
V'sin 6, W cos 0), equations (2) are satisfied if

oPjor = LIZU —2(U + V)2, (3)
—Plr = LZV-2(U+V)/r?, (4)
oPjoz = LA W, (5)
ou U+V ow
and St =0 (6)

the operator L2, being defined by

2 10 m2 o2
PR = S
The clearance ad between the sphere and the plane, expressed as a function of r,
is given by §=1+te—(1—r2)k (8)

L7, = (7)

Now ¢ and therefore z are O(¢), which together with (8) suggests the introduction
of new variables, R, Z, defined by

r=eR, z=ceZ.
Thus (8) now gives d=cH+}e*R+ ..., (9)
where H = 1+ 1R?

The boundary conditions imply that U and V are O(1). Consequently (6)
implies that W = O(et) and (4) implies that P = O(¢#), which suggests that we
look for solutions for P, U, V and W of the form

P(r,z) = e} P(R,Z)+ ¢ tP(R,Z) +...,

U(r,z) = Uy R,Z)+eU(R,Z) +...,

Vir,2) = Vy(BR,Z)+eV(R,Z)+...,

W(r,z) = et Wy(R, Z)+ ¢W(R, Z) + ....
Substitution of (8) and (10) into (3), (4), (5) and (6) yields the following set of
equations for U, V,, W, and F,

(10)

0B, _ U, B _&#% R _, I
R "> "R-2 =% (1)
Uy UtV oWy
and éﬁ-l_ R +—37—0, (12)

and the following set of equations for U,, V;, W, and P,
oP, 2U, 02U, 10U, 2(U,+T,)

R T amTRIE B (13)
P, &V, &V, 18V, 2U,+V)
"R tiR TR B 14
oP,|0Z = 0®W,[0Z2, (15)
and 0 U+l W _ (16)

oR R oZ
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Similar sets of equations could be written down for U, ¥;, W; and P, (¢ > 1).
The boundary conditions (2) are equivalent to

UJR, 0) = (R, 0) = W(R,0) = 0 (i > 0) a7
and Uy(R,3/e) +U,(R, 8/e) +... = 1,
Vi(R, 8je) + Vi(R, 8]e) + ... = —1, (18)

W,(R, d/¢) + eW,(R, 8/e) + ... = 0,

from which we may deduce that

g U(R,H) = —Vy(R,H) =1, WyR,H) =0, (19)
and 8U,(R, H) = — R\U,,(R, H), (20)
8V(R,H) = — R'Vyy(R, H), (21)
SW,(R, H) = — R*Wy,(R, H), (22)

the suffix Z indicating differentiation with respect to Z. Expressions for U(R, H),
Vi(R,H) and W(R,H) (¢ > 1) could also be written down on equating the co-
efficients of appropriate powers of ¢ higher than the first in equations (18).

Equations (11), (12), (17) with ¢ = 0 together with (19) are of the form—as
might be expected—which occur in classical lubrication theory and they are
solved in the usual manner of that theory. The appropriate Reynolds equation
for this set of equations is found to be

R2Py +(R+3R3/H)Py— Fy = —6R3/H>. (23)

A particular integral of (23) is
P, = 6R[5H?, (24)

and (24) gives the unique solution of (23) which decays to zero at B = co. This is
apparent since the complementary function solutions for F, are ~R and ~ R-!
for small values of R, and ~RV10-3 gnd ~ R—vV10+d for large values of R. The
solution ~ R~! for small B we exclude since P, must be bounded at R = 0, and
furthermore it is impossible to construct a complementary function f which
decays to zero at B = o0 and is ~ R for small values of R. This follows from the
fact thatif f ~ + R for small R and f decays to zero at R = oo, it possesses at least
one maximum value. At the smallest value of R for which f is a maximum,
f>0,f =0andf” < 0, but from the differential equation satisfied by f, namely
(23) with the right-hand side replaced by zero, f” > 0 when f’ =0 and f > 0,
which is a contradiction. We may similarly prove that there isno solution f ~ — R
for small R which decays to zero at R = co. In addition, if F, ~ RV10-3 ag R—> o0,
p ~ rvV10-3/ciV10 when r > e}. Such a property of p can only be matched with an
outer solution of the kind we envisage (in which ¢/ér, ¢/6z ~ 1) only if p ~ ¢~$v10
over the whole of the outer region which from physical considerations is absurd.
This possibility is therefore excluded and we conclude that (24) is the only
acceptable solution of (23). Below it will be shown that using (24), a completely
consistent match can be obtained with the outer solution.
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From (11), (12), (17), (19) and (24) it can be shown that
—_OR? 2
6—9FR 2+ 7R 7z

— 2
Uy = o5 2*+ 75 2 (25)
3 2
— _ 2_
Vo= — st~ 552 (26)
S8R—2R3 , 2R*-1R
— 3 2
Wo= - 23+~ 22, (27)

There is no difficulty, in principle, which prevents us from proceeding to
calculate U,, V;, W,, etc. Later in the paper (§8) we shall in fact obtain some of the
salient properties of these functions but now we shall consider the contribution
from the flow in the inner region to the force and couple acting on the plane and
sphere.

4. Contributions to the force and couple acting on the plane and the
sphere from terms of the inner solution

The contributions (Ff, F}, F!) to the Cartesian components of the force
exerted by the fluid on the fixed plane Z = 0 which result from the effect of the
inner solution are, in view of the boundary conditions on the plane, given by

F! = énplafi, F}=F:=0,

5 [®foU oV .
where 6fi = fo {ﬁ —ﬁ}z=o RdR; (28)
R, being a value of R chosen so that the inner solution is valid for 0 < R < R,
The contribution fi to fi made by the leading terms in the solution is therefore

given by
=2 B (0T, oV,
6fi = —0__0} RAR,
fo fo {aZ 02 70

which on evaluation using (25) and (26) gives
Jo = T5log (1 +3R}) — 3 +4/(2+ Bf). (29)

The contributions (Fi, F%, Ff) to the Cartesian components of the force exerted
on the sphere due to the inner solution are

Fi = —6mp#aft, Fi=Fi=0,
where

L [* oU ov oU ov oW

i — _—3[0%2 _°Y . ) 4 N ) .

o fo {[P ¢ (26R 6R)]SmX+[€ (az az)“%aR]“"SX}Z%Smxdx,
(30)

the angle 7 — y being that between the radius vector to a surface element of the
sphere from its centre and the z-axis, and y, is chosen so that the inner solution
is valid for 0 < ¥ < y¥,. The contribution f§ to f¢ from the leading terms of the
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inner solution is found on using (10) and noting that y = eR+ O(et) for small
values of y. The expression for f is given by

, ol, N
T 4 J—
6fi = f {RP +97 aZ)Z_HRdR, (31)
which on evaluation using (24), (25) and (26) gives
J§ = fslog (1+ 1 RY). (32)

Expressions for the couples exerted by the fluid on the plane and the sphere
may also be determined, and when moments of the surface stresses are taken
about the centre of the sphere, it is found that the contributions (G%, Gi, G?)
to the components of the couple acting on the plane which result from the inner

solution are _ o
G = —8mualy, GL=Gi=0,

R, -
where 87t = — e%J P(R,0)R2dR + 6(1+¢)f". (33)
0

The contribution g§ to §¢ due to the leading terms in the inner solution is found

to be _
g5 = Tolog (1 +3K3). (34)

The corresponding contributions (G%, &%, G%) to the couple acting on the sphere
when moments are again taken about the centre are
Qi = 8mulaty', QL =@Qi=
where

8¢gt = Xn oU_&v +e—%§—— cos? ci{4 ou av)]sm CoS
=]\ \ez" 2z aR | X~ | \45E ~ ) | S A cosX

X> Xo being as defined above. The contribution g to g* which is made by the lead-
ing terms in the inner solution is seen to be

i B (00U, o,
i — ——0_"70 '
it = [ {5~ ). Pk
which on evaluation gives

96 = f5log (1 +3RY) + £5— 3/(2+ R}). (36)

5. The outer region

The equations governing the flow of fluid which is not in the neighbourhood of
the nearest points of the sphere and the plane are again given by (1). These
equations are satisfied when the pressure p and the cylindrical components
(u, v, w) of V are of the form

ap = 2uUQcosb, u = U[rQ+3i(r+x)]cosd, (37)
v=3Uy—Y]sinG, w=URQ+p]lcosb, (38)
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where r, z are cylindrical co-ordinates which are dimensionless relative to the
radius of the sphere, and ¥, y, ¢ and @ are functions of 7, z only, satisfying

Liy=L3y = L3¢ = L2Q (39)
the operators being defined by (7).

The equation of continuity after substitution of %, », w from (37) and (38) can
be shown to be satisfied when

7 7
[3+ra—+z ]Q+ [l‘b (a )X+2 ¢]_0 (40)
The boundary conditions on the plane and the sphere require that
P+2Q0 =0, y+r@=0, ¥+rQ =0, (41, 42, 43)
on the plane and that
P+20 =0, x+rQ=0, Y+rQ=2, (44, 45, 46)

on the sphere.

A first approximation to the solution for the flow in the region not in the
neighbourhood of the nearest points of the sphere and plane would be its limiting
form when ¢— 0 and the sphere is in contact with the plane at the origin. This
limiting form is constructed by solving the problem with ¢ = 0 excluding the
origin from the flow region since the boundary conditions (43) and (46) cannot
both be satisfied there. The fact that the component w of velocity is zero on the
axis r = 0(0 < z < €) when ¢ # 0 and that the boundary values of w are both
zero when e = 0 suggests that w remains bounded as ¢ 0.

In order to facilitate the solution of the problem when ¢ = 0 we transform the
co-ordinates r, z to co-ordinates £, 4 by the relations

r=29/(E+7%), =z=2/(E+7?). (47)

The plane is now given by £ = 0, the sphere by £ = 1, the origin » = z = 0 by
7 = oo and infinity by £ = 7 = 0. It may be shown that a solution of the equation
L%, f = 0 which is non-singular at £ = 7 = 0 is given by

f=(&%+ nz)%f:{&f(s) sinh s§ + %(s) cosh s&} J,,(sn)ds, (48)

where /(s) and %(s) are functions of s such that the integral converges. For
example, the integral converges if

fm {4 (s)sinh s + %(s) cosh s} s~¥ds converges.
0

We shall assume that there is a region of the space occupied by the fluid in
which both the inner and the outer solutions are valid so that both solutions
match in this region. Such an assumption implies that, in this region,

e R ~ 2y,
for R and # will be large. Furthermore, in this region

PN_—-e 3 R-% ~
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Consequently, for large values of 7,

2Q ~ g&.

It is therefore apparent that w cannot be non-singular at the origin unless

¢~ —3y (49)

for large values of #, and in view of (39), (41) and (48) a suitable form for ¢ is
given by

¢ = (£2+ nz)’}f: A(s) sinh s&J, (sy) ds, (50)

where A(s) ~ — 3/5s2 for small s and exponentially small for large s.

The boundary condition (41) has been satisfied in constructing ¢ given by
(50) but a further relation between ¢ and ¢ on £ = 0 may be obtained from the
equation of continuity which requires dw/0z = 0 on the plane. On substituting
for w from (38) it is seen that this relation is equivalent to

_%

QO0,7) = —=

(51)

=0 £E—>07%2

On substitution of ¢ from (50) the right-hand side of this equation becomes

- %nafo sAJy(sm)ds~ 5P (52)

for large 9. It is impossible to construct a solution ¢ of the type (48) withm =1
with a convergent integral and which ~ 37%3/10 for large values of 3. Therefore
we write

Q = Qo+15% (53)

where L3Q, = L2Q, = 0 and @,(0,7n) ~ #® for large values of 7. A suitable form
for @, is found to be

Q= g+ )+ @47 [ Vg 9 Ton)ds, (54)
where Vi(§, s) = e~%[£%/s + 3E/s?] — [3esinh s£]/s3. (85)
The boundary condition (51) now gives
Q0.1 = —f577 = o [ B0, 5) Kemds— [ “sdtsn)ds
= — P f:s[A + 3/5s2]J,(sy)ds,

which on integrating by parts and use of the recurrence formulae for Bessel
functions may be shown to reduce to

@,(0,7) = %nf [s4”+ A" — Als+9/58%]J;(sn)ds,
0

the accent denoting differentiation with respect to s. The integral converges
subject to the assumption we have made concerning the behaviour of 4 for large



714 M E. O Neill and K. Stewartson

values of s. Consequently, a possible form for the function @(&, %) is given by
@o = 1§+ 17 [ LB cosh s+ Csinh ) T s7)ds, (56)
0

where B=sA"+ A —A[s+9/5s, (67)

and C is a function of s for which the integral is convergent. The function C is
expressed in terms of 4 by means of the boundary condition (44) which implies
that ® 3 [
fo [B cosh s+ Csinh s]J;(sy)ds+ -5-f0 Vi1, 8)Jy(sy)ds

= —(1+79%) UwA ginh s Jj(sn)ds+ #7(1 + 772)—&}. (58)
On using the relation ’
wr = [T s s, (59)
we establish, after integration of the right-hand side of equation (58) by parts
and substituting for B from (57), that (58) is satisfied when
C=[sAd"—A"1K +2[e3—1]/s, (60)
where K = s t—coths.

It is easy to show that C = O(s~%) for small values of s, hence justifying our
construction for @, in the form given by (56).
The boundary condition (42) gives

2(0,7) = 72 f s A (on)ds. (61)

The right-hand side ~ — 3%?%/5 for large values of %, and therefore since we can-
not construct a solution y(§, ) of the form (48) with m = 2, with a convergent
integral and which has the required asymptotic behaviour for large values of 7,

we write 3
X =Xot§Xv

where L2y, = Liy, = 0.and x,(0,7) ~ — 92 for large . A suitable form for y, is
found to be ©
Xo= =1+ R [T 9 Hen)ds, (62)

where Vo(&, 8) = e~5[£2+ 3&/s]. (63)
The boundary condition (61) now gives
Xo(0,7) = %nz—%nfo ¥(0, S)Jz(s"?)ds‘*"’]zfo sdJy(sm)ds
= nzf * s[A+3/5*]Jy(sm) ds,
0
which on integration by parts reduces to

xo(0,1) = 1 [ {4~ 84"+ 0582} I om) .
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The integral on the right-hand side of this equation is convergent. Therefore in
view of (48) we may construct the function y, as an integral of the form

Yo = (E2+72)} f : [F cosh s£ + G sinh s£] J,(s7)ds, (64)

where F=A4-34"+9/5s%, (65)

provided we can show that G'is a function of s for which the integral is convergent.
The function G is expressed in terms of 4 by means of the boundary condition
(45) which implies that

fw [F cosh s+ G'sinh s]Jz(sn)ds+§fw Va(1, 8) Jy(sn) ds
0 0

- 77{ f * AsinhsJy(s7)ds + 37/(1 +n2)ﬂ}, (66)
0

which, on integrating the right-hand side of (66) and using (65), shows that (66)
is satisfied when
G =[24—sA'1 K —9/5s2. (67)
G can be shown to be O(s~2) for small values of s, so that (64) is a proper repre-
sentation for y,.
The determination of a suitable form for the function y is carried through in a
similar manner, as for ¢ and y. We write

¥ =9+,

where L2y, = LEyr; = 0 and 4(0,7) ~ —»? for large 7. A suitable form for ,
is found to be

Va= =1+ @+t [ TE 9 o) ds, (68)
where Vg, 8) = —e~%[£2 + /8] + [e*sinh s£]/s2. (69)
The form for ¥, is found to be
Vo= (€4} [ (Dooshof + Bsinh sg] o) ds, (70)
0 .

where, in order to satisfy the boundary conditions (43) and (46),
D =sA"+A-3/5s* (71)
and E = sA’K — [e~*—1]/s%+ 2(coth s — 1). (72)

A consideration of the asymptotic behaviour of D and Z for small values of s,
together with the assumed asymptotic behaviour of 4 for large values of s
justifies the construction of ¥, in the form given by (70).
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6. The equation of continuity

It can be easily verified that when @, ¥, ¥ and ¢ satisfy the equations (39),
then each of the functions

[sriee]e 2 (B4d)n 2 (73)

is a solution of the equation L2f = 0. It can further be shown that when @, ¢, x
and ¢ are constructed in the manner described in the preceding section,

o o o o7,
[3+75+za—z]9=[3—§5£—77%];9
= 3(£2+ nz)‘}fw {(8B+sB’) cosh s£ + (3C + sC’ + 9¢~3/55%) sinh s£}J; (sn) ds
0
(74)
a;p 20¢ o , 200 o 208
e —‘5”(ag ) e )(377 ag)

—(£2+ f {(SA” + A’ — AJs+ 3sD" + 9/5s%) cosh s¢
0

" 3 2 1
+(%sE —9/5s%+ e 3[§+?+2—8]) smhsé} {(sn)ds, (75)

9. 2 W O (E2+7?)

(s)x = —en g +a@-m g+ S
— e+ f " (B + 47+ 2F)s) cosh

+(sG” +4G' +2G/s) sinh sg}J (sy)ds.  (76)

From (74) to (76) we observe that the equation of continuity (40) is of the form

&2+ nz)%f: {A(s) cosh s& + pu(s) sinh sg}Jy(sn)ds = 0, (77)

where A(s) involves only the functions 4, B, D and ¥ and u(s) involves only the
functions C, ¥ and @. If B, D and F are expressed in terms of 4 by the relations
(57), (65) and (71) we find that A(s) = 0; this of course must be so since the
equation of continuity when £ = 0 has already been used in the derivation of the
relations. For the equation of continuity to be satisfied at all points of the fluid
with the exception of the origin, it therefore follows that u(s) = 0. Consequently
on expressing C, E and @ in terms of A by the relations (60), (67) and (72) it
follows that

SK'A"+3sA'[s2K" + 3K’ + 2K] — A[s?K” + 4sK’ + 2K]+s*X" = 0,  (78)

where K = s71—coths and X = coths— 1. The solution to (78) which we seek
must be ~ — 3/5s% for small values of s and must decay to zero exponentially for
large values of s. It has not been possible to obtain this solution in closed form.
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It may be easily shown that if 4; and A4;; are the particular integral and com-
plementary function respectively of (78) for small values of s,

A; = —3/5s2+0(1),
App = sV1072{1 4+ O(s®)};
the other complementary function solution which ~ s—v10+2 for small values of

swereject in view of the prescribed asymptotic behaviour of the required solution

for small s.
It may further be shown that if 4,, 4, and 4, are the particular integral and
complementary function solutions respectively of (78) for large values of s, then

Ay = —282¢2-0(ste™), A,=1—-25+0(se®), A,=e2+0(s%e%),

In view of the singular behaviour of 4;, A, A7 and A7; at s = 0, in order to per-
form the numerical integration of (78) it is necessary to have accurate expressions
for 4; and A4,;; if one aims at obtaining A correct to five decimal places say, it is
essential to know the expansion of 4; as far as the term in s* and 4;; as far as
the term in V104 at least. The equation (78) was integrated numerically twice
for values of s up to 5-6; the first time using the expansion of 4; for the starting
values and the second time using the expansion of A4, for the starting values and
with X” set at zero. The solution for the present problem was then found by
choosing that linear combination of the two numerical solutions which

~ —2s%e"B 4+ O(e%)
for large values of s.

7. Contributions to the force and couple acting on the plane and
sphere due to the outer solution
The contributions (¥2, 9, F9) to the Cartesian components of the force acting
on that part of the fixed plane £ = 0 for which 0 < 3 < 5, which result from the
outer solution are given by

Fo = 6mudtaf°, FY=Fo=0,
- n20Q 1oy
where 3“——--’~ {—-~+——} dn. 79
N Ve AT ™)
The contribution fJ to f° from the solution which we have constructed in the
previous section is therefore given by

3fg = f "": f “[s24” — s4'] KJl(sn)ds} n-idy
o LJo
+J~7n{fw [s24’'K + 25 (coth s — 1)] Jo(s17)ds} dy; (80)
olJo
K is as defined for (78). Consideration of 4 and its derivatives for small values of

s shows that
[s24" —sA'] = 8/bs+ O(s®),

[s24’'K + 25 (coth s — 1)] = 8/5+ O(s?).
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It is therefore clear that if the order of integration in the double integrals of (80)
is reversed and 7, allowed to approach infinity, the integrals will no longer con-
verge. However if we write

3f9 = f:n{f:([szfl’ —sA"1K - 8e—23/5s)¢71(s17)ds}17‘1d17

+f%{fm(szA’K+ 2s (coths—1)— 8e—23/5)Jo(s77)ds} dy

olJo
8 (% (> 8 (™[

+— e~ 2571 (sy)dsp~tdy 4 < f e~ Jy(sy)dsdy, (81)
5J0Jo 5JoJo

the order of integration in the first two of the double integrals of (81) may now
be reversed when 5,—> co. Consequently

fo = %f:{szA”K+ 2 (coths—1)—16e~25/5s}ds

+1log 79— 15+ 21(70), (82)

where p,(7,) >0 as 5,—>c0. The total force acting on the plane may now be
obtained by combining the contributions due to both the inner and outer solu-
tions as given by (29) and (82), provided that we identify the values of r cor-
responding to 7, and B, and set

Rymo = 2/et. (82)

It is tacitly assumed here that the inner and outer solutions have a region of
overlap in which 1 € B <€ ¢} and 1 < 9 < ¢~}. The first-order approximation,
neglecting those terms which tend to zero with ¢, then gives

F, = 6nutaf,, F,=F,=0,

Whefefo = fi+f3. On using (29), (82) and (83), we obtain
Jo=Flog (2/e)— 14+ %f {s?°4"K + 2 (coth s — 1) — 1655} ds + p; (1) + pa(Ro),
0

where p,(7,) — 0 as 1,—>co0 and p,(R,) > 0 as B, —co. Hence proceeding to these
limits, we have

fo = &log (2/e) —%%+% f:{s2A”K+ 2 (coths— 1) —16e25/5s}ds. (84)

The discussion of the force on the sphere and of the couples acting on both the
sphere and the plane follows similar lines. We shall therefore not give the details
but content ourselves with quoting the principal results. The contributions
(F2, FY, IY) to the Cartesian components of the force acting on the sphere § = 1
due to the outer solution are

F) = —6mu#af°, F)=F)=0,

L1 fnef 0Q or oY ndy
where fo = §f0 {T—a—g— 3_§+6_§}§=1—1 +772, (85)
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7o being defined as before. The leading term f3 of f°is given by
fo = 18logno— %%Jf% f “(s24" K 42 (coth s — 1) — 16¢-%/5s}ds + gy (1), (86)
0

where g,(7,) = 0 as 5,— 0.
Combining (86) with (32) we obtain the total force exerted on the sphere by
the fluid to a first approximation. This is given by

F, = 6nuafy, F,=F, =0, (87)
where  f, = &log (2/e) -1t + %fm{szA”K+ 2(coth s — 1) — 16¢=2¢/5s} ds.
0

It is noted that f, = f; so that the forces which act on the sphere and plane are
equal and opposite in agreement with a more general result of O’Neill (1964 a).

On taking moments about the centre of the sphere, the Cartesian components
(G, GY, G9) of the couple acting on the plane due to the fluid motion and resulting
from the outer solution are given by

G =0, GY=—8muwarg’, G=0, (88)
where g’ = f %{%} ("Zz‘*'za:f_o-

0 |98 );o7?
The leading term g3 of 7° is

7 = f "o+ 3e-55)ds + §(1~log 7o)+ 73+ 2,16) (89)

where g,(77,) - 0 as 9, - co. Combining (89) with (34), we find that the leading
term contribution to the couple on the plane from both the inner and the outer
solutions has Cartesian components

G,=0, G,=-—8mua?g, G, =0, (90)
where §, = $+ #;1og (2/e) + ifw{zisA +824"K + 2 (coth s — 1) — 4e—2¢/5s} ds.
0
Finally, again taking moments about the centre of the sphere the leading term

in the couple exerted by the fluid on the sphere due to the combined effects of the
inner and outer solutions has Cartesian components

G,=0, G,=8nu%a’yg,, G,=0, (91)
where
g0 = & +1glog (2/e)
+ %f { (A + %) [2s cosech?s — (coth s — 1) (1 + 2s + s2 cosech? s)]
0

1 1 2 3[2 3 2
—%e‘23[3+s—2+§;+%(2s— l)coths]-—g [E— (s_2+g) (coths— 1)]} ds.
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8. The contributions O(e log ¢€) to the forces and couples

In deriving the formulae (84), (87), (90) and (91) for the forces and couples
acting on the sphere and the plane, we neglected terms O(¢). It is evident also
that if we now proceeded to determine the next term in the inner solution expan-
sions (10) of the velocities and pressure and the corresponding outer solution, we
would be able to obtain correction terms up to O(¢) to the expressions for the
forces and couples. As with the leading terms, it is to be expected that terms
O(eloge) will appear in conjunction with terms O(e). In this section we shall
determine the terms O(elog ¢) explicitly for which it is only necessary to examine
the structure of U, and ¥, as B — oo, whereas to determine the terms O(¢) we need
to know the structure of U, and V] for all R.

The reason is as follows: from (28) it is clear that the contribution f7 to fi, the
reduced force on the plane, from the second-order solution is

N € (Rofol, o,
=5, {a—z‘%}ko“ﬂ

Now it turns out, in a manner to be demonstrated below, that when R is large,
R{(0U,|0Z) — (0V,]0Z)} 5o = @y R+ (ays/R) + O(R-3). (92)
Hence when R, is large,
fi=le{}a, RE+a,log By+ Al + O(Ry?)},

where At is a constant which depends on the overall properties of U, and V. If
we now relate R, to the corresponding variable r, = 27,/(1+%3) of the outer
solution by means of the formula r, = e R, it follows that

i = a3+ tapeloge+a,elogry+eAf + O(efrd)}, (93)

where R, is large but 7, is small. Now let us consider the outer solution. On com-
puting the force on the outer part of the plane for which r > r, and adding to
(93), we can obtain the total force on the plane to order €. Such an expression
must, however, be independent of r, for the choice of 7, is to some extent arbitrary
and hence the terms which depend on r, must cancel when (93) is added to the
contribution from the outer solution. Of these terms, the first, 4 a,,73, being in-
dependent of € must be cancelled by part of fJ. It is inferred that f3 contains a
term — {;a,,75. The term }a,,¢logr,is of order € and so must be cancelled by the

principal part of f2. It is inferred that

1= —deaplogry+3e43+0(1),
where r, is small and where A¢ is a constant depending on the overall properties
of the terms O(¢) in the outer solution. Hence
fi = fazeloge+ fe(Af+ A9).

Similar remarks apply to the force on the sphere and to the couples. As we have
already remarked, in order to determine a,, it is only necessary to examine the
limiting structure of U; and V] as R —oo. This we do in the following way.
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From equation (15)
PR, Z) = (eWp/oZ) + F(R), (94)

which together with (25), (26) and (27) on substitution into (13) and (14) gives,
for large values of R,

2
aUl:F’(R)+[£ﬂ 161281+0(1)]Z2 [ 32+3072i+0(i)]z’(95)

Y w5 w \ge w5 B l0\m
@V, F(R) [192 2304 1 1\1,,. (321
7" R +[R6 5 Bt O(Rl") Zi+ [5 R4+0( )]Z (96)

The boundary conditions which must be satisfied by U, V; and W, are, from (17)
with 5 = 1, (20), (21) and (22),

U(R, 0) = V(R 0) = W(R,0) = 0

and for large values of R,

U\(R, H) = [2 — (4/R%)] H + O(1/R2),
V(R,H) = [4— (16/5R%)] H + O(1/R2),
W,(R,H) = [ 8/5R3 — (112/5R5)] H3 + O(1/R). (97)

After integrating (95) and (96) twice with respect to Z and using (17) and (97),
one obtains

Uy(R. Z) = }F'(R)(Z* - ZH) + {16 1344 (1

0 ﬁ)] (28— ZH?)

R® 5R®
e oie-s o) o
+{%+0(1—;)](z —ZH?*+ [: 511(;2+0( )] Z, (99)
for large values of R and from (186),
W(R,Z) = —f: {Z—%+&;—VI)} dz. (100)

On putting Z = H in equation (100) after substituting U; and ¥, from (98) and
(99), the following second-order differential equation for #(R) is obtained
3R3 721 2561 1
2 14 . ! - _
R2F" + (R+ H)F —F = T R3+0(R5)' (101)
The left-hand side of equation (101) is exact; it therefore follows that the com-
plementary function solutions of the differential equation which is satisfied by
F for arbitrary values of E are the complementary function solutions of (23).
Therefore by the same reasoning which we employed to establish that (24) was
the solution of (23) for F,, we assert that the complementary function solutions
of (101) may be rejected and consequently that, for large values of R,

121 712 1 1
BET12s B3 TY\R)
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F(R) = (102)
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Hence on substituting from (102) into (98) and (99) and then into (92),

5

n

2

"
™,
ol

Ay =
and we conclude that B _
f=Fi+f° = fo— s eloge+0(e). (103)

In a similar way it may be shown that the reduced couple on the plane is
§=9'+3°=go—ssg¢cloge+0(e), (104)
the reduced force on the sphere is
f=F+10= fo—aseloge+ Ofe), (105)
and the reduced couple on the sphere is

g=9'+9" = go— 555 ¢eloge+O(e). (106)

9. Results of the numerical work.

The numerical values of the solution A(s) of the differential equation (78)
which ~ —3/5s52+0O(1) for small values of s and ~ —2s2¢=254 O(e ) for large
values of s were tabulated to an accuracy of five decimal places in the range

0-05(0-05)2-0(0-2)5-6.

The integrals which appear in the expressions for f, f,, 7, and g, were then
evaluated, as a result of which, we may write (103)—(106) as

[ =71 =I5 +%e)log (2/¢) + 0-58461 + Oe),
7 = [+ 2%¢] log (2/e) — 0-26221 + O(e), (107)
g = [ +o55€¢]log (2/€) — 0-26227 + O(e).

The values of f, f, 7 and g, ignoring terms of O(¢) and higher, are given in table 1
for a range of small values of ¢ and the corresponding values of f and g which
were obtained by O°Neill (1964a) which in the notation of that paper are
written as F'* and G* respectively, are given here for comparison. A satisfyingly
close agreement is found between the results of the approximate theory which
we have developed in this paper and those predicted by O’Neill’s exact theory.

€ f F* g g G*
0-00020 5-4971 5-4973 0-65914 0-65908 0-65912
0-00045 5-0649 5:0651 0-57837 0-57831 0-57834
0-00080 4-7584 4-7587 0-52126 0-52120 0-52120
0-00125 4-5208 4-5123 0-47713 0-47707 0-47706
0-00180 4-3269 4-3275 0-44124 0-44118 0-44116
0-00245 4:1631 4-1639 0-41106 0-41100 0-41096
0-00320 4-0213 4-0223 0-38506 0-38500 0-38496
0-00405 3-8964 3-8976 0-36226 0-36220 0-36214
0-00500 3-7847 37863 0:34201 0-34195 0-34187

TABLE 1
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An interesting feature of these results is the almost identical values which are
given for § and g, which leads one to conjecture whether or not the couples acting
on the sphere and plane as well as the forces are equal and opposite. However
it may be shown either by considering the asymptotic form of the solution given
by O’Neill (19644) for large values of the parameter « of that paper or by the
methods of reflexions, that for the problem when ¢ > 1,

g~ 3¢%/32, § ~ 5e71/64.

The expressions which we have obtained for § and g suggest that they are of
the form

[}] ocne"] loge+ ¥ B,¢€™
n=0 n=0

It is possible that the corresponding coefficients «,, are the same for both series
but the corresponding coefficients g, are different; this together with the almost
identical coefficients g, in each series would give very similar values for § and ¢
for the very small values of e when the terms O(log €), O{e log €) and O(1) dominate.
It is further possible that g, is the same for both expansions, a fact we have not
been able to establish.

10. The theory of lubrication

Although the theory of lubrication has been of great interest for many years
and has been applied to a large number of separate flow problems, little effort
has been put into establishing its validity either from an experimental or a theor-
etical standpoint. In their discussion of the available experiments on bearings,
Pinkus & Sternlicht (1961) point out that while there is an abundance of test
data, significant experiments on bearings are rare.

One reason lies in the difficulty of constructing and maintaining bearings with
minute clearances of the necessary accuracy. Another more important reason
concerns the lubricant viscosity. To quote Pinkus & Sternlicht (p. 426): ‘It is
almost impossible to vary a parameter during testing without simultaneously
varying the viscosity field of the lubricant. The only possible escape from this
difficulty would be to use a fluid whose viscosity is not affected by temperature,
pressure or rate of shear. Such a lubricant, however, does not exist’. The experi-
ments they report, however, show an encouraging agreement with theory, in that
part of the flow region where it may be expected to hold, provided neither large
subatmospheric loops in the pressure nor cavitation occur. From a theoretical
standpoint too, little has hitherto been achieved towards embedding the theory
in a theory of hydrodynamics based on the Navier-Stokes equations and in
assessing the errors made in applying the theory to specific problems. Reference
may be made to Langlois (1964) and Thompson (1964) for a discussion of the
present state of these aspects of the theory.

In view of these remarks, it is believed that the flow discussed in this paper is
of some use for assessing the merits of lubrication theory, for it has in some sense
one of the very few known exact solutions of the Navier—Stokes equations, in

46-2
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which the flow region contains a region to which lubrication theory can be applied.
Furthermore, the flow is realizable in a laboratory, particularly if use is made of
the natural extension of this work to the case when the sphere rotates which has
been carried out recently by M. D. Cooley and one of us (M.E. O’N.) and which
it is hoped to publish elsewhere.

We find that in the neighbourhood of O, the nearest point of the plane to the
sphere, lubrication theory gives a description of the local flow properties accu-
rately to O(e) where ez is the minimum clearance between the sphere and the
plane, as indeed would be expected. This theory is, however, of more limited
validity when it is used to compute the overall forces or couples, because it is
then only on an equal footing with the theory of weakly-sheared flow past the
rest of the sphere. The force and couple on the sphere, for instance, predicted by
lubrication theory, are of the form A loge + B, where 4 and B are independent of
e if terms of O(¢) are neglected, and the value of B is uncertain since it depends on
the limits assigned to the lubrication zone. The actual force and couple are
Aloge+ C+O(eloge), where C has been determined explicitly (107) and depends
substantially on the flow past the rest of the sphere.

We conclude therefore that while lubrication theory accurately describes local
flow properties, it does not provide a reliable estimate of overall flow properties,
particularly forces and couples, if the flow region includes a substantial region of
weakly sheared flow. Nevertheless, its predictions of the forces and couples in the
present problem are formally correct in the limit e — 0.
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